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I. INTRODUCTION
The heat kernel, the kernel of the one-parameter semigroup (or the heat operator),
U(t) = exp( tH), for an elliptic dierential operator H acting on a section of a vector
bundle over a manifold M , plays a very important role in various areas of mathematical
physics, especially in quantum eld theory and quantum gravity.
1 28
It determines among
others such fundamental objects of the quantum eld theory as the Green function, the
kernel of the resolvent
2


































The most important operators in quantum eld theory are the second order elliptic
operators of the form









is a connection on the vector bundle and Q is an endomorphism
of this bundle. In other words the operator H acts on a multiplet of quantum elds, (x),








is a gauge (Yang-Mills) eld,
the gauge eld strength (Yang-Mills curvature), R














Algebraic calculation of the low-energy heat kernel 3
Obviously, the heat kernel is calculable exactly only in exceptional cases of background
elds congurations, (see, for example Ref. 14). That is why for studying the general case
there is a need to develop approximate methods of calculations. Two such approximation
schemes are available:
3
i) the high-energy one, which corresponds to weak rapidly varying
background elds (short waves), and ii) the low-energy approximation corresponding to
the strong slowly varying background elds (long waves). The high-energy approximation




order in background elds (curvatures) were calculated. The low-energy
approximation in various settings was studied in Refs. 20-22. The authors of these papers
summed up some particular terms in the heat kernel asymptotic expansion, such as the
scalar curvature terms
20;21
or terms without derivatives of the potential term
22
etc.
In our recent papers
23 28
the status of the low-energy approximation in quantum
gravity and gauge theories was analyzed. We developed a new purely algebraic covariant
approach for calculating the heat kernel near diagonal. The point is that in low-energy
approximation the covariant derivatives of the curvatures and the potential term (but not
the curvature and the potential term themselves!) are small. Therefore, one can treat
them perturbatively, the zeroth order of this perturbation theory corresponding to the
covariantly constant background elds.
To gain greater insight into how the low-energy heat kernel looks like, one can take
into account a nite number of low-order covariant derivatives of the background elds, and
neglect all the covariant derivatives of higher orders. Then there exist a set of dierential
operators, actually approximate Killing vectors, that together with the background elds
and their low-order derivatives generate a nite dimensional Lie algebra. If one does
not neglect the higher derivatives of the background elds then this algebra is innite-
dimensional. This procedure is very similar to the polynomial approximation of functions
of real variables. The dierence is that we are dealing, in general, with the covariant
derivatives and the curvatures.
In the previous papers we considered the case of covariantly constant gauge eld











the case of covariantly constant Riemann curvature and the potential term without the











. In the Ref. 28 this method was
applied for the investigation of the eective potential of a non-Abelian gauge theory.
In this paper we are going to take into account the next terms in the low-energy













= 0, and take into account the rst and the second derivatives of the potential term
in the presence of the covariantly constant Yang-Mills curvature.
II. COVARIANT ALGEBRAIC APPROACH
A. Low-energy Lie algebra
As we will study only local eects in the low-energy approximation, we will not take
care about the topology of the manifold M . To be precise one can take, for example,
IR
d
. We assume only that in some region of the manifold the background elds satisfy













Q = 0: (2:1)




























Q. Although the conditions (2.2) do not imply directly
[R

; Q] = 0; (2:3)
we assume (2.3) to be true since this follows from (2.2) if we suppose that (2.2) should
be valid for arbitrary gauge group. Therefore, we assume, actually, the background to be







are assumed to commute with each other, in other words, to lie in the Cartan subalgebra
of the algebra of the gauge group, so that in addition to (2.2) and (2.3) it holds
[Q;Q
;
] = 0; [Q;Q
;




] = 0: (2:4)
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For our purposes, it is helpful to introduce the following parametrization of the potential
term







where (i = 1; : : : ; p), p  d, 
ik
is some constant symmetric nondegenerate pp matrix,M
is a covariantly constant matrix and L
i








































































































































play the role of metrics and can be used to raise and to lower
the small and the capital Latin indices respectively.
B. Analytic functions of the generalized curvature





























and consider analytic functions of this matrix.






















; k  1; (2:15)















































etc. It is clear that J
k
is a polynomial of two noncommuting `variables' R and P with all
possible terms of the dimension R
k
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The polynomials J
k
can be calculated with the help of the generating function



































where the integral is taken along a suciently small closed contour C that encircles the
origin counter-clockwise, so that F (z) is analytic inside this contour.














































where  = (
AB
). Therefore, the traces of odd order polynomials as well as the traces of
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where U = (U


) andW = (W


) are symmetric and V = (V






































































Herefrom we nd the trace of an analytic function, f(F) (2.27),

























































These formulas take especially simple form in a particular case when the matrices R
and P commute,
[R; P ] = 0: (2:34)
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and, consequently, from (2.32) and (2.33)






















C. The heat operator
Now using the algebra (2.10) we are able to calculate the heat kernel operator,
exp( tH). For an algebra of this kind in Refs. 23,24 it was proven a theorem that






















































) in (2.43) and using the Campbell-
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E is given by (2.8). Substituting these expressions in (2.46) we

























































(t)) = B(t) + t
2
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III. THE HEAT KERNEL
A. Closed formula for the heat kernel diagonal
To obtain the heat kernel in coordinate representation we have just to act with the
heat operator, exp( tH), on the coordinate -function
U(tjx; x
0
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where P(x; x
0
) is the parallel displacement operator (matrix) of the eld  from the point
x
0











































































Expanding this expression in a power series in (x x
0
) one can easily get all the coincidence
limits of covariant derivatives of the heat kernel. In particular, the heat kernel diagonal
has a very simple form

















This is the main result of this paper. The formula (3.4) exhibits the general structure
of the heat kernel diagonal. Namely, one sees immediately how the potential term and
its rst derivatives enter the result. The complete nontrivial information is contained
only in a scalar, (t), and a tensor, 	

(t), functions which are constructed purely from
the Yang-Mills curvature R






So we conclude that the coecients of the heat kernel asymptotic expansion are con-










Q. We will calculate the coecients of the heat kernel asymptotic
expansion explicitly in the Subsects. III.B and III.C.
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(tRcoth (tR)   1): (3:12)




























This is the rst order correction to the case of covariantly constant potential
23
when
additionally the rst derivatives of the potential are taken into account.
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This determines the low-energy approximation without the gauge elds. The formulas
(3.10), (3.13) and (3.16) can be used, in particular, to check the results for the coecients
of the heat kernel asymptotic expansion obtained in general case.
B. Asymptotic expansion of the heat kernel diagonal
Let us now calculate the Taylor expansions of the functions (t) (2.55) and 	(t)


















are the Bernulli numbers
29










































































Now it is not dicult to calculate
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j, (k  1). Since all the polynoms J
k
have only positive coecients we
see that 
2k
are also polynoms of the matrix R and P with positive coecients.
































































also is a polynom of R and P having only positive coecients. Analogously,
using the explicit formulas (3.20)-(3.22) one can calculate the Taylor series of the matrix
D (2.54) too. We will not list here the result because it is not needed for the calculation
of the heat kernel diagonal.
Finally, substituting the series (3.24) and (3.26) in (3.4) we obtain the expansion of
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and all have only positive coecients. The coecients of the usual asymptotic expansion




















































C. Explicit results for low-order coecients
Using the formulas of the previous subsection it is not dicult to calculate the coef-


















































































































































































































































































































































































































It should be reminded here that the matrix P is composed of the second derivatives of the












Q, R = (R


) is the Yang-Mills curvature and



























IV. TRACE OF THE HEAT KERNEL







It is well known that if the manifold M is compact then there is a classic (standard)
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The coecients A
k=2
(H;M) are spectral invariants of the operator H which are calculable
in form of integrals of local invariants of background elds over the manifold (and the
boundary). In case of manifolds without boundary this expansion can be obtained by
direct term by term integration of the asymptotic expansion of the heat kernel diagonal















For noncompact manifold the situation is far more complicated. The problem is that
the integrals like (4.3) for noncompact manifolds do not converge, in general. This depends
on the behavior of the background elds at the innity.
Let us consider, for example, a complete noncompact manifold without boundary,
@M = ;. In the case when all background elds have only compact support or fall o
suciently rapidly at the innity the invariants A
k
are also well dened except
A
0
= const  vol (M): (4:4)
If we introduce an auxiliary operator H
0
with the symbol H
0









; ) is the leading symbol of the operator H and x
0










) = 0; k  1; (4:5)
then the trace of the dierence of two heat kernels is well dened for noncompact manifolds
too,











This case is similar to the standard compact one.
However, if the background elds (curvature or the potential term) do not decrease
at the innity then the asymptotics of the trace of the heat kernel changes radically. In
this case all the coecients A
k
(4.3) diverge and. This means that the trace of the heat
kernel has a dierent nonstandard asymptotics. One can show that the main term of the
Algebraic calculation of the low-energy heat kernel 19







































where H(x; ) is the symbol of the operator H (1.4).
Therefore, the asymptotics depends essentially on the behavior of the potential term
at the innity. If the potential is positive denite and increases at the innity then the
integral over the manifold always exist and determines the main term of the asymptotics.













and the matrix P = (P










This is a typical example of a nonstandard asymptotics. Instead of usual behavior,  t
 d=2
,
we have a more singular one,  t
 d
. Generally, there can be far more complicated asymp-
totics, including the logarithmic terms, (log t)

, etc., depending on the the asymptotic
behavior of the potential term at the innity.
Let us now calculate the trace of the heat kernel in our case. We assumed that
the background elds satisfy the low-energy conditions (2.1)-(2.4) in some region of the
manifold M . Let us suppose the manifold M to be IR
d
and the conditions (2.1)-(2.4) to
hold everywhere. Then the formula for the heat kernel diagonal (3.4) is valid everywhere
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This expression also has a nonclassic asymptotics, TrU(t)  const  t
 d
. In particular case
of commuting matrices R and P the trace of the heat kernel takes especially simple form









when R = 0.
It should be noted that the standard form of the asymptotics of the trace of the heat
kernel (4.2) is the basis for the regularization and renormalization procedure in quantum
eld theory.
2
That is why the non-standard asymptotics may cause serious technical prob-
lems in the theory of quantum elds on noncompact manifolds with background elds that
do not fall o at innity. For example, the analytical structure of the zeta function (1.2)
in non-standard case will be completely dierent. This is the consequence of the fact that
in this non-standard situation the physical quantum states are not well dened.
V. CONCLUSION
In present paper we continued the investigation of the heat kernel in low-energy ap-
proximation initiated in our recent papers.
23 28
We developed further a manifestly co-
variant algebraic approach for calculation of the heat operator, i.e. the one-parameter
semigroup, exp( tH), proposed in these papers and applied it to evaluate the heat kernel
and, especially, the heat kernel diagonal. We were able to take into account in the asymp-
totic expansion of the heat kernel diagonal all the terms that contain only the Yang-Mills
curvature, R








We obtained a closed formula for the heat kernel diagonal that can be treated as
a resummation of the asymptotic expansion, those terms being summed up rst. The
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covariant algebraic approach employed in this paper is especially adequate and eective to
study the low-energy approximation. It seems that it can be developed deeper and that
it can be formulated a general technique for systematic calculation of the low-energy heat
kernel, a kind of low-energy covariant perturbation theory.
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